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Abstract. We consider the group of smooth diflfeomorphisms of the circle. 
We show that any recurrent / (in the sense that {/"}ngz is not discrete) is 
in fact a distortion element (in the sense that its iterates can be written as 
short compositions involving finitely many smooth diffeomorphisms). Thus 
rotations are distortion elements. 



1. Introduction 

Given a finitely generated group G and a choice of a generating set S* C G, we 
define a metric ds on G by taking ds{gi,g2) as the infimum over all fc > such 
that there exist si, Sk £ S and ei, et £ {1, —1} such that g2 = ■ ■ ■ s^k ' 5i- 
Different choices of a generating set give rise to quasi-isometric metrics. 

Definition 1.1. Let G be a group. We say that / e G is a distortion ele- 
ment if there exists a finitely generated subgroup G' C G containing / such that 
ds{f " , id) = o{n) for some (and automatically for every) generating set S C G' . 

While much work has been dedicated to the investigation of distortion elements 
of groups of diffeomorphisms of manifolds, possibly preserving volume or symplectic 
forms (see for instance |CF| , [F] , |FHj , |GG| , [P] and references therein) , very little 
seems to be known in the case of diffeomorphisms of the circle. In this direction, 
Franks and Handel |FH| asked whether irrational rotations of the circle can be 
distortion elements. Progress on this question had been restricted to the case of 
low regularity (Calegari and Freedman [CF] give an affirmative answer in and 
remark that their construction can not be made G^). In this note we give an 
affirmative answer to Franks and Handel question in high regularity. 

Let Diff°°(R/Z) be the group of orientation preserving C°° diffeomorphisms of 
the circle endowed with the G°° topology, and let d be a metric on Diff°°(M/Z) 
compatible with the topology. Let us say that / e Diff°°(R/Z) is recurrent if 
liminf„^ood(/",id) = 0. An element / G Diff°°(R/Z) which is C°° conjugate to 
a rotation is always recurrent. If / has rational rotation number, this is the only 
way to be recurrent, but for / with irrational rotation number, / can be recurrent 
without being C°° conjugate to rotations: indeed for every Liouville number a, the 
generic / G Diff°°(M/Z) with rotation number a is recurrent, but not C°° conjugate 
to a rotation, see IY2I. 



Theorem 1.1. If f E Diff°°(M/Z) is recurrent then it is a distortion element. 
This is a straightforward consequence of the following estimate. 
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Theorem 1.2. There exist sequences kn oo and e„ — > such that if hn G 
DifF°°(R/Z) is a sequence such that (i(ft,„,id) < e„ then there exists a finitely gen- 
erated group G and some S such that hn G G and ds{hn, id) < fc„ for every n. 

This implies more generally that any countable set of recurrent elements {fi}'^i C 
DifF°°(R/Z) can be made simultaneously distortion elements of a finitely generated 
subgroup of Diff°°(R/Z)Q 

This kind of estimate is reminiscent of Theorem C of [CFj . which is however 
restricted to very low regularity (homeomorphisms). (We became familiar with 
jCF| after the results of this paper were obtained. Though we have not studied 
their paper in detail, our approaches seem to have considerable overlap.) 

The basic strategy of this work should apply also to higher dimensions. The 
only meaningful step that needs attention is the realization of elements close to the 
identity as a short product of commutators of elements close to the identity and 
subordinate to some fixed open covering of the manifold (his is possibly essentially 
contained in the proofs of perfectness of groups of diffeomorphisms by Herman [H] , 
Thurston [T], Mather [M] and Epstein fE], but we have not investigated this issue 
in too much detail). On the other hand, our approach is not appropriate to deal 
with volume preserving or symplectic cases, since we use Morse-Smale dynamics in 
the construction. 

We would like to emphasize that our work leaves open the problem of whether 
irrational rotations can be distortion elements in the group of orientation preserving 
real analytic diffeomorphisms of the circle. This question is quite significant, and we 
are unwilling even to make a guess on the answer: as pointed out to us by Andres 
Navas, algebraic properties of groups of diffeomorphisms are much more rigid (and 
less well understood) in the real analytic category than in the C°° category. 

Aknowledgements: This work was originally motivated by a question by 
Raphael Krikorian, who asked the author whether a finitely generated subgroup 
of Diff°°(R/Z) could be dense. Theorem 11.21 obviouslv addresses this question as 
well. After devising the basic strategy discussed in this paper, Etienne Ghys told 
me that the solution to Krikorian's question was known (though perhaps unpub- 
lished). Franks and Handel question was mentioned by Andres Navas during his 
course in the ICTP in July 2008, and came to my attention through Yoccoz. I 
would like to thank Andres Navas for incentivating me to work on this problem, 
for explaining some of the known theory, especially regarding commutators, and for 
providing several suggestions on the writing. This research was partially conducted 
during the period the author served as Clay Research Fellow. 

2. Proof of Theorem 11.21 

Let Fi £ Diff°°(M/Z) be a map with only two fixed points, a repelling one at 
1/2 and an attracting one at 1, such that Fi is linear in (1/10,9/10) and outside 
(1/100, 99/100). Let F2 be a map which is the identity outside (1/4, 3/4) and such 



In fact, they can be made simultaneously arbitrarily distorted, in the sense that for every 
function r : N — » N, for every i, there exist infinitely many n such that ds(/|",id) < n for some 
m > r(n). As pointed out to us by Andres Navas, in some situations where distortion arises, 
it is still possible to obtain a bound on the possible distortion functions Dg : N — > N, defined 
so that Dg{n) is minimal such that dists(3"' , id) > n for every m > Dg{n). In particular, in 
the closely related setting of piecewise-linear circle diffeomorphisms, work of Liousse-Navas shows 
that distortion functions of irrational rotations grow at most exponentially. 
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that F2{x) = X + 1/100 for x £ (2/5,3/5). Let F3 be an irrational rotation. We 
will prove the following more precise version of Theorem 11.21 

Lemma 2.1. There exist e„ > and fc„ > such that if hn G Diff°°(M/Z) is 
such that d{hn,id) < e„ for every n then there exist F^^F^ G Diff°°(R/Z) such that 
S = {Fi, F2, F^, Fi, F5} generates a group G such that hn G G and ds{hn, id) < A:„ 
for every n. 

The main step in the proof of Lemma l2.1l is the construction of commutators of 
compactly supported diffeomorphisms of an interval. 

Lemma 2.2. There exist > and k'^ > such that if fn,gn € Diff°°(R/Z) are 
supported on (1/7,6/7) and satisfy d(/„, id), d((7„, id) < for every n then there 
exist F4 and F5 such that S = {Fi, .Pj, -^4, ^5} generates a group G such that 
[fn,gn] e G and ds{[fn, 9n],id) < k'„. 

Proof. Let /„ be the interval [l/(2n+l), l/(2r7,)], n > 1. For each n, choose k,m E Z, 
such that Fn = F^ F^ F2F^'^ F^^ is supported in int /„ and there exists an interval 
Tn C /„ such that F„(a;) =x+ |T„|/20 for x S r„. 

Choose fc',m' e 1 such that F„ = F^' F^' takes the interval (1/8,7/8) onto 
an interval T^^ C T„ of length at most |T„|/4G. Let Diff°°(M/Z)^, Diff°°(M/Z)j C 
Diff°°(M/Z) be subgroups consisting of diffeomorphisms supported in (1/8,7/8) 
and T^ respectively. Then $ : Diff°°(R/Z)„ ^ Diff°°(M/Z)^, $(a:) = FnxF~^ is a 
continuous isomorphism. 

We define F4 and F5 to be the identity outside the union of the T,'. We let 
Fi = <&(/«) and F5 = (<?«). Clearly, if /„ and g„ are sufficiently close to the 
identity, Fi and Fr, will indeed belong to Diff°°(R/Z). 

Consider now A = FiF^F^^p-^ B = F^F^F^^p-^ G = P^^ P^^ FnF^FiF~\ 
Each of A, B and G is supported in two intervals, and Pn{T!^). In we have 
A = P4, B = F5 and G = P^^Pr^^, while in F„(T;J we have A = FnPi^p-^, 

B = FnF^ ^Fn^i = FnFhFiF~^ . 

Now ABG is supported in T,', where it is given by FiFsFi^F^^- The map 
H = p-^ABGFn thus satisfies H = fn9nf~^9n^- The resuh follows. □ 

To go from commutators to arbitrary maps, we use some explicit version of the 
fact that Diff°°(M/Z) is perfect (that is, any element is a product of commutators). 

Lemma 2.3. For every x g Diff°°(]R/Z) close to id, there exists a;i,...,a;g G 

Diff°°(R/Z) close to'id suchthat [xi,X2\[x^,X4\[xz,xq\[x'!,x^] — x, andxi,X2,xr,xs 
are supported in (1/5,4/5) while x^^Xi^x^jXe are supported in the complement of 
[3/10,7/10]. 

The previous lemma follows from the known theory about commutators of dif- 
feomorphisms ([H], [D, [Ml, [E]), but since the proof is not long, we give a proof 
in the Appendix (in the line of Herman) . 

The conclusion of Lemma 12.11 (and hence Theorem II. 2p from Lemmas 12.21 and 
12.31 is straightforward. 

2.1. Proof of Lemma l2.1l Let and fc^, n > 1 be given by Lemma [^7^ Choose 
TO > such that i^3™(l/7, 6/7) contains the complement of (3/10, 7/10). Let fc„ = 
Ak'n + 2to, and let e'^ be so smah that if fi(a;,id) < e'^ then d{F^'^xF^ , id) < e'^. 
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Using Lemma [231 choose e„ > so that 

(2.1) if d{x, id) < e„ then x — [xi, X2] [x^, X4][x5, xe][x7, xg] with d{xi, id) < e'^ 

and such that xi,X2jXj,xs are supported on (1/5,4/5) and X3 , X4 , , a;6 are sup- 
ported on the complement of [3/10,7/10]. 

Let us show that Lemma [2.11 holds with the sequences e„ and fc„ we have defined. 

Given a sequence /i„ with d(h„, id) < e„, we can write 

(2.2) hn+l — [f4n+l, g4n+l]F^^[f4n+2, g4n+2][f4n+3i 94n+3]F^ ™ [/4n+4 , 54n+4] , 

where (i(/„, id), (i(g„, id) < e'^ and /„ and g„ are supported on (1/7,6/7). Indeed, 
for each rt > 0, we can just take x — hn+i and f 4,1+1 — xi, (?4n+i = X2, /4n+2 = 

"^X^F^, 54n+2 — ^ 3 /4n+3 — F^ ^"x^F^, 54n+3 — F^ "xgF™, /4n+4 = 

X7, 54n+4 = 2^8 in jMl)- 

By Lemma|121 there exist F4 and F5 such that S = {Fi, F2, F3, F4, F5} generates 
a group G with d5([/„, g^], id) < fc^. It follows that ds{hn,id) < kn- 

Appendix A. Proof of Lemma [2731 
Let p : Diff°°(M/Z) M/Z be the rotation number. 

We say that i S E is Diophantine if \qt — p\ > Cq~^" for some C > 0, n > 
and every p ^ 1^, q E Z \ {0}. We say that t S M/Z is Diophantine if some (and 
thus every) lift of t is Diophantine. We will need the following result from the 
Herman- Yoccoz theory |Y1|. 

Theorem A.l. Ift is Diophantine then for every a £ Diff°°(R/Z) such that p{a) — 
t, there exists a unique c G Diff°°(M/Z) such that c(0) = and cac^^ is a rotation. 
Moreover, c depends continuously on a E p~^{t). 

It is well known that Theorem I A. 1! implies: 

Theorem A.2. Let 7t £ Diff°°(R/Z), t G (-e,e), be a C°° family of diffeomor- 
phisms such that 70 = id and -jf.Jt{x) < for all t and x. //ao £ Diff°°(M/Z) and 
p{h) is Diophantine then for every a G Diff°°(R/Z) close to oq, there exists t G R 
small and b G Diff°°(]R/Z) close to id such that a — ^tbaQb~^. 

Proof. Notice that p(7(~^ao) and p{'^zlo'o) are small and in opposite sides of p(ao) 
for t small. Thus for every a close to ap there exists t close to such that p{-/^^a) — 
p{ao). The result now follows from Theorem lA.il □ 

Let us consider compactly supported non-negative functions v, w : R/Z —>■ M, 
supported on (1/5,4/5) such that v' < and w' > in [11/50,39/50], v' < and 
w' > in [21/100,79/100], w = on [157/200,4/5) and w = on (1/5,43/200]. 
Letting ft,gt G Diff°°(R/Z) be the flows corresponding to —w and ~v, we see that 
ft[ft,gt]ix) > for every x G [11/50,39/50] and ^[/t,gt] > for every x G R/Z 
and t > sufficiently small. Let Ri/2{x) = a; -I- 1/2 be the half turn. 

Now consider ht = [-Ri/2/t ^1/2, ^1/254-^1/2] [/t, fft]- Then -^ht is positive and 
small for t > small. In particular, p{ht) 7^ p(^o) for t > small (recall that 
Hq = id). Thus we can choose tQ > arbitrarily small such that ht„ has Diophantine 
rotation number po. Notice also that 74 = ht^h^^j^, t G M small, satisfies the 
hypothesis of Theorem IA.21 Applying Theorem IA.21 we conclude that for every 
X G Diff°°(M/Z) close to id, there exists t G M small and b G Diff°°(R/Z) close 
to id such that x — h^J'^tbhigb^^ . It follows that x ~ [xi,X2][xs,X4][x5,xe][xT,xs] 
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where xi = gt„+t, X2 = fta+t, X3 = Ri/29t„+tRi/2, 2:4 = Ri/2fto+tRi/2, = 
&-Ri/2/to-Ri/2&"\ &i?i/25to^i/2&"\ = bftob^^ and xs = 65to^~^ which are 
readily seen to be all close to the identity and have the desired supports. 
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